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Abstract
When the thickness of the layer is smaller than the electrons mean free path,
the morphology affects the conductivity directly based on the layer thick-
ness. This issue provides basis in order to estimate the thickness of the
layer by understanding the morphology and the value of the conductivity.
This method is an inverse approach on thickness estimation and is applied
to various samples. The comparison of the results with other thickness es-
timations shows good consistency. The benefits of this approach is that the
only parameter that needs to be measured is the conductivity, which is quite
trivial. Despite the simplicity of this approach, its results would prove ade-
quate to study both the material properties and the morphology of the layer.
In addition, the possibility of repeating the measurements on thickness for
AC currents with various frequencies enables averaging the measurements in
order to obtain the most precise results.
Keywords: Electrical conductivity, Ultra thin film Rough surfaces
1. Introduction
A wide range of studies have been carried out on the conductivity proper-
ties of thin films in the past. A very popular aspect of studying electric con-
ductivity of thin films is its dependence on the surface Thompson (1990). The
first classical formulation in this context was proposed by Fuchs (1990) and
generalized considering the presence of a magnetic field by Sondheimer et al.
(1949). The logic behind considering the magnetic field Kao (1965) is that
the thickness of the thin film (e.g. Indium) would affect the critical mag-
netic field, consequently affecting the transition from the super-conducting
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state to the normal state Toxen (1961). A lot of effort has been invested
on surfaces in the presence of magnetic fields in the context of e.g. surface
quantum states and impedance oscillations Nee et al. (1968); Khaikin (1969),
electron scattering Koch (1969); Cheng (1973) and transport (conductivity)
Gold (1987); Fishman et al. (1989); Palasantzas et al. (1997); Palasantzas
(2005); Meyeroyich et al. (1999), etc, which where all based on the quan-
tum mechanical formulation Prange et al. (1968). Quantum size effects and
surface roughness influences the conductivity of ultra-thin magnetic layers
Barnas et al. (1995,?); Jalochowski et al. (1992, 1996) and wave scattering
Zamani et al. (2012); Jafari et al. (2005).
A general expression was suggested for the dependence of the conduc-
tivity on the thin film thickness Fishman et al. (1989), where the surface
roughness was characterized by the autocorrelation function that described
all the electrical properties of the system. This enabled discussion on the
interplay of the correlation length of the surface and the Fermi wave vector
with regards to the conductivity Fishman et al. (1991). Note that in this
model the thin films thicknesses is smaller than the bulk electrons’ mean free
path. It was deduced that the conductivity only depends on the thickness of
the film provided that ξkF ≪ 1, where ξ and kF are the correlation length of
the surface and the Fermi wave vector, respectively. But on the other hand,
for the case ξKF ≫ 1, the autocorrelation function would act effectively on
the conductivity of the thin film Fishman et al. (1989, 1991).
In a series of studies, Palasantzas extended the previous models by point-
ing out that the film surface ought to be considered fractal. In a sense
that the local fractal dimensions would also affect the characteristics of
the self-affine fractal model (e.g. electric conductivity) for one rough layer
Palasantzas et al. (1997) or two rough layers Palasantzas et al. (2000). Here
we take an inverse approach based on the two layer self-affine fractal model of
Palasantzas Palasantzas et al. (2000), where we measure the electric conduc-
tivity in order to obtain details on the thickness of the layer. In this article
we implement a model to determine the thickness of metallic films with two
rough boundaries that is based on their conductivity in the framework of
Born approximation. In section II, the theory and formulation for the con-
ductivity based on Born approximation in presence of two rough boundaries
is illustrated. In section III, effects of conductivity on the thickness of the
layer is discussed in addition to the by product effects of the alternate and
direct currents applied to the layer its resistance. In section IV the summary
is stated.
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2. Inverse method for measuring the thin-films thickness
Consider a thin film of two rough surfaces with thickness d, which its
thickness is smaller than the mean free path of the electron. The thin film
crosses the z-axis at d/2 and −d/2, with z1(~r) = d/2 + h1(~r) and z2(~r) =
−d/2 + h2(~r), where h1 and h2 are the random roughness fluctuations of
surface 1 and 2 respectively with 〈h(~r)〉 = 0 Palasantzas et al. (2000). Note
that the choice of the quantum mechanical formulation in this limitation is
due to the fact that the thickness layer is smaller than the mean free path of
the electron. In this case the electrons would scatter from the surface before
being scattered by the bulk electrons Palasantzas et al. (1997, 2000). The
conductivity relation for the case where the surface roughness ω is considered
much smaller than the film thickness d (ω ≪ d)) is Palasantzas et al. (2000)
σ = (4e2/hd)
N∑
ν=1
N∑
ν´=1
(EF − εν)(EF − εν´)
[
([Din(EF )νν´ ] + [D
cor(EF )νν´ ])
]
−1
,
(1)
where N is the number of occupied mini-bands, EF is the Fermi energy,
D is the scattering matrix which contains two terms: incoherent term Din,
(incoherent scattering by two rough interfaces) and cross-correlation term
Dcor, (coherent scattering by two interfaces). The elements of Din and
Dcor describe intra- and inter-subband transitions, which is expressed by
Palasantzas et al. (2000)
[Din(EF )νν´ ] =
2∑
b=1
[δνν´
N∑
µ=1
q2νL
νµ
b
∫ 2pi
0
〈|hb(qνµ)|
2〉dθ−qνqν´L
νν´
b
∫ 2pi
0
〈|hb(qνν´)|
2〉 cos θ dθ],
(2)
and
[Dcor(EF )νν´ ] = 2[δνν´
N∑
µ=1
q2νL
νµ
12
∫ 2pi
0
〈|h12(qνµ)|
2〉dθ−qνqν´L
νν´
12
∫ 2pi
0
〈|h12(qνν´)|
2〉 cos θ dθ].
(3)
In Eq. (2), 〈|hb(q)|
2〉 is the Fourier transform of the auto-correlation func-
tion expressed as Cb(r) = (〈hb(r)〉〈hb(0)〉). In Eq. (3) 〈|h12(q)|
2〉 is the
Fourier transform of the cross correlation function C12(r) = (〈hb(r)〉〈hb´(r)〉)
with b 6= b´. The wave vectors of ν and ν´ miniband edges in Eqs (2) and
(3) are expressed as qν = [(2m/~
2)(EF − Eν)]
1/2 and qνν´ = (q
2
ν + q
2
ν´ −
3
2qνqν´ cos θ)
1/2, with θ being the angle between qν and qν´ . In the case where
the potential U tends to infinity, the parameters Lνµb and L
νµ
12 are defined as
(~2/4md3)2(ν2µ2) and −(~2/4md3)2(ν2µ2) and respectively, for details of the
model see Palasantzas et al. (2000).
Consider a fractal surface Barabasi et al. (1995); Ebrahiminejad et al.
(2012); Zamani et al. (2012) with roughness ω, correlation length ξ, and
roughness exponent α. In order to obtain the conductivity (Eq. (1)) of
the system, it is essential to have the power spectrum for each surface in
addition to the power spectrum for their cross correlation Palasantzas et al.
(1997); Zhao et al. (2001)
〈|h(q)|2〉 =
{
2π ω
2ξ2
(1+aq2ξ2)1+α
for ξKF ≫ 1
cte for ξkF ≪ 1
}
with
a =
{
(1/2α)[1− (1 + aq2cξ
2)−α for 0 < α ≤ 1
(1/2) ln(1 + aq2cξ
2) for α = 0
}
(4)
It is worth mentioning that the power spectrum defined by Eq. (4) only
works for fractal surfaces Zhao et al. (2001).
The aim of this work is to estimate the thickness by the measured conduc-
tivity making use of Eq. (1). This is an inverse method to previous methods
where the conductivity was obtained by the measured thickness of the layer,
see Palasantzas et al. (1997, 2000). Due to the fact that for any typical rough
surface where the roughness is of the same order as the thickness, the surface
parameters (e.g. surface roughness) would be effective on the determination
of the layers thickness. Note that distinguishing the roughness of the surface
from the thickness of the layer is not a simple task, this complicates the cor-
rect estimation of the thickness. Hence, experimental measurements of the
conductivity would be more trivial compared to measuring the thickness.
The inverse method illustrated in this work is based on the following
procedure;
- The AFM images of the interface between the substrate and the layer
together with the AFM images of the layer and air needs to be produced in
order to find the fluctuations of the surface h(r).
- From the logarithmic plot of the height-height correlation function
〈|h(r + z) − h(r)|2〉 Zhao et al. (2001) the surface parameters for each in-
terface is obtained.
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- Having in hand the surface parameters, the power spectrum could be
obtained by Eq. (4). Hence, the scattering matrix of Eqs. (2) and (3) could
be obtained. - In the final stage, comparing the experimental measurements
for the conductivity with the analytical results obtained from Eq. (1) the
thickness is obtained.
3. Discussion and conclusions
The sample that we considered was a copper thin film that had been
coated with a coating rate of 0.9±0.04, where after 8.0 seconds, the thickness
of 7.2nm was achieved. The topography of the samples were investigated us-
ing Atomic force microscopy (AFM) with Park Scientific Instruments (model
Autoprobe CP). The images were scanned into 256×256 pixels in a constant
force mode and digitised with the scanning frequency of 0.6Hz. The AFM
images (Fig. 1) are shown for both the film interface with air and the film
interface with the substrate. For this sample the thickness of the thin film is
calculated by using Eq. (1).
Figure 1: Left panel, AFM images of the film interface with air. Right panel, AFM images
of the film interface with the substrate.
In order to obtain the surface parameters, the height-height correlation
function in addition to the height fluctuations of the surface needs to be
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obtained. In Fig. 2 the logarithmic height-height correlation function cor-
responding to the interface between the layer and substrate (bottom curve)
and the interfaces between the layer and air (top curve) is plotted making
use of equation for 〈|h(r + z)− h(r)|2〉.
l(nm)
<
(h(
r+
l)-
h(r
))
>
(nm
)
100 101
100
101
Upper surface
Lower surface
2 ξ
Figure 2: The height-height correlation function of the interface between the layer and
substrate (bottom curve) and the interface between the layer and air (top curve).
The surface parameters for the copper sample under consideration is ex-
tracted from Fig. 2 as
ξb = 4nm, ωb = 1.1nm, αb = 0.75
ξt = 3nm, ωt = 2.1nm, αt = 0.8 (5)
The power spectrums 〈|h1(q)|
2〉 and 〈|h2(q)|
2〉 which could readily be seen in
Eq. (2) could be obtained by substituting the parameters of Eq. (5) in Eq.
(4). This results in obtaining the incoherent scattering matrix Din. To calcu-
late the coherent scattering matrix (Eq. (3)) the cross power spectrum needs
to be obtained. This obliges us to plot the height-height cross correlation
function which shows to be approximately just a straight line.
Having the values for Din and DCor, the conductivity (Eq. (1)) could be
plotted as a function of thickness, see Fig. 3. For the copper sample under
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study, the measured conductivity was reported as 0.13231 (1/µΩcm), thus
according to Fig. 3, the thickness could be estimated about 8nm which is in
good agreement with values obtained by direct experimental measurements
for conductivity.
Since, for our sample s0 is of the order of 10
−4, and the average power
spectrum of each rough boundary is of the order of 10−2, the scattering due
to the cross-correlation of the two interfaces is smaller than the scattering
due to each of the rough surfaces. This issue motivates finding the effect of
the cross-correlation term on conductivity by removing this term from the
conductivity equation (Eq. (1)). In Fig. 3 graphs of electrical conductivity of
Cu thin film with and without the coherent term is illustrated. It is evident
that the cross correlation term causes a small shift in conductivity. It could
be understood that the cross correlation effects on conductivity is inversely
proportional to the surface thickness. However, this issue could be shown by
plotting the relative difference of the conductivity against the thickness, see
right panel of Fig. 3. It could be deduced form Fig. 3 that for a layer with
d (nm)
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µ
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Figure 3: left panel shows the conductivity σ vs metallic film thickness d, in the presence
(top curve) and absence (bottom curve) of the cross correlation term. Right panel shows
the relative difference in conductivity as a function of thickness.
thickness d = 1nm, the consideration of the cross correlation effects would
cause an increase of about 15 percent in the conductivity. Whereas, for a
layer with d = 10nm, this effect would cause an increase of about 6 percent.
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Figure 4: Dependence of the capacity resistance Rc on the AC frequency ν and the layer
thickness d. The results show how the capacity increases in small thicknesses and low
frequencies.
It is well known that the accumulation of electrons at sharp points of a
surface is more efficient than other places. Based on this concept the height
fluctuations of a rough surface would prove adequate for accumulation of
charges. This leads to the appearance of local capacities on the rough surface.
If a DC current is applied to the surface due to the fact that the frequency
is infinity, this issue does not affect the electric conductivity. But if an AC
current is applied to the surface, additional resistance is seen in the system.
This resistance is obtained from Rc = (1/Cν), where ν is the frequency of
the incident wave and C is the capacitance. The capacitance is obtained by
Palasantzas (2005)
〈C〉
〈C0〉
= 1 +
2(2π)5
(A0)2
∫
(q´)3〈|h(q)|2〉dq´ +
(2π)5
A0d
∫
coth(q´d)q´〈|h(q)|2〉dq´, (6)
where C0 is the capacitance of two smooth electrode surfaces A0. Note that
Eq. (6) works for a capacitor with one rough surface. In our case of study
the capacitor consists of two rough surfaces, this issue obliges further con-
sideration for obtaining the capacitance. In order to overcome this issue,
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due to the assumption that the reciprocal correlation is weak, we may con-
sider the system as two capacitors in series. Where each capacitor has one
rough surface. This enables (having in hand the morphology parameters of
the surface) measuring the capacitance effects of the thin Cu layer under an
AC current. Equation (6) would give the capacitance for the Cu sample by
knowing the roughness parameters. Consequently the capacitance resistance
could be obtained from the capacitance.
Fig. 4 illustrates dependence of the resistivity of the thin Cu layer on the
layer thickness and the frequency of the AC current applied to the layer. It
could readily be noticed that for a typical layer with specific morphological
parameters, by keeping the frequency constant, the capacitance resistance
would be proportional to the thickness of the layer. This could be explained
by the fact that capacitance is inversely proportional to the thickness of the
layer inside a capacitor. Hence, for thicker layers and lower AC frequencies,
in addition to the Ohmic resistivity, capacitance resistivity would also come
in to play, this is due to the creation of local capacitors.
4. Summary
- An inverse method was proposed to estimate the thin layer thickness by
means of the electric conductivity and the surface morphology parameters of
the layer.
- This method enables to obtain an ensemble average over the various
measurements of the layer thickness by repeating them for different AC and
DC currents. This could reduce the estimation errors of the layer thickness.
- The reciprocal (cross) correlation of the two rough surfaces of the thin
films increases or decreases the conductivity depending on its sign (positive
sign gives an increase and negative sign gives a decrease) in comparison to
the case where the surfaces where considered solitary to each other.
- The efficiency of the reciprocal correlation between two rough surfaces
is inversely proportional to the thickness of the layer. This means that as
the thickness of the layer increases the effects of the reciprocal correlation on
the conductivity of the layer is less efficient.
- An additional resistance to the local resistance of the capacitor due to
the alternate current comes in to play. This resistance which is named as
the capacitance resistance does not exist for the case of direct current. This
is due to the fact that the height fluctuations create local capacitors on the
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substrate, and as an alternate current passes through it an RC circuit is
performed.
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